We study probe M5-branes in N= 1 AdS 5 solutions of M-theory that arise from M5-branes wrapped on a Riemann surface. Using the BPS condition from κ-symmetry, we classify supersymmetric probe M5-branes that extend along all of AdS 5 and intersect the Riemann surface at points. These can be viewed as punctures in the dual N = 1 superconformal field theories. We find M5-branes that correspond to the two types of simple punctures previously studied in field theory. In addition, when the central charge is rational, we find a new class of M5-branes with a moduli space that includes two internal dimensions in addition to the Riemann surface. These new M5-branes have the essential characteristic of fractional branes, in that a single one at a generic point of its moduli space becomes multiple M5-branes at special points.
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Comme il est profond ce mystère de l'Invisible! Nous ne le pouvons sonder avec nos sens misérables [. . . ] Ah! si nous avions d'autres organes qui accompliraient en notre faveur d'autres miracles, que de choses nous pourrions découvrir encore autour de nous! 1
Introduction
M5-branes wrapped on curved manifolds yield infinite families of supersymmetric AdS solutions in various dimensions [1] . The purpose of this article is to explore the space of AdS 5 solutions of M-theory which are dual to four-dimensional superconformal field theories (SCFTs) with N = 1 supersymmetry. Our strategy is to classify the ways in which one can deform known AdS 5 solutions by probe M5-branes which preserve all the superconformal symmetries. This corresponds to classifying so-called punctures in the dual N = 1 SCFTs. The AdS 5 solutions that we consider describe the near-horizon region of a stack of N M5-branes wrapped on a Riemann surface Σ g . While our calculations below are performed in the AdS backgrounds, it is enlightening to consider a UV picture, before the worldvolume theory on the M5-branes has flowed to the conformal point. The M5-branes have the worldvolume R 1,3 × Σ g embedded in the eleven-dimensional geometry R 1,4 × X 3 , where the local Calabi-Yau threefold X 3 is a decomposable bundle over Σ g . More precisely, X 3 consists of two line bundles L p and L q of degrees p and q over Σ g :
and the Calabi-Yau condition c 1 (X 3 ) = 0 relates the degrees to the genus as
2)
The solutions found by Maldacena and Núñez (MN) [1] correspond to p = 0 (or q = 0) and (p, q) = (g − 1, g − 1). The former case with one trivial line bundle preserves sixteen supercharges, and the low-energy theory on the M5-branes is then an N = 2 SCFT in four dimensions; the latter case preserves eight supercharges, and the low-energy theory is an N = 1 SCFT. More generally, there are infinite families of such bundles X 3 labelled by p and q. The corresponding supergravity solutions preserve eight supercharges and were found in [2] by Bah, Beem, Bobev, and Wecht (BBBW). The N = 2 solutions admit a vast generalization found by Lin, Lunin, and Maldacena (LLM) [3] , which classifies AdS 5 solutions of M-theory with sixteen supercharges. In this context, the punctures of [4, 5] were interpreted in [6] as extra M5-branes intersecting the Riemann surface at points. The addition of a single M5-brane, which corresponds to a simple puncture, can be analyzed in the probe approximation. In fact the requirement that the probe M5-brane preserves the symmetries of the N = 2 solution is enough to determine its embedding in the eleven-dimensional geometry, whose internal space is an S 4 fibered over Σ g . It must extend along all of AdS 5 in order to preserve the SO(2, 4) isometries, which correspond to the four-dimensional conformal group of the dual SCFT. It must also preserve the SU (2) × U (1) R-symmetry, which can be made manifest by describing the S 4 in terms of an S 2 and an S 1 whose sizes shrink to zero at one or the other endpoint of an interval. This is achieved when the M5-brane wraps the S 1 and sits at the point where the S 2 shrinks. Up to a freely choosable point on Σ g , the embedding of the probe M5-brane is thus fixed: N = 2 M5-brane:
AdS 5 × S 1 × {point ∈ Σ g } × {point where S 2 shrinks}.
Motivated by this creation of punctures from probe M5-branes, in this paper we study supersymmetric probe M5-branes embedded in the N = 1 BBBW solutions (reviewed in section 2). The central calculation is performed in section 3, where we analyze the BPS condition (κ-symmetry projection) for a probe M5-brane that preserves the N = 1 superconformal symmetry of the dual field theories. We find that the M5-brane always intersects the Riemann surface at a point. It also wraps the circle S 1 R dual to the U (1) R-symmetry, in the middle of an interval y at whose endpoints S 1 R shrinks. However, in contrast to the N = 2 case, there is some freedom for the position of the M5-brane in the remaining two directions, which gives a moduli space M 2 . The embedding of a supersymmetric probe M5-brane is then:
AdS 5 × S 1 R × {point ∈ Σ g } × {y = 0} × {point ∈ M 2 }.
There are two special points on M 2 , which we call the poles. When the M5-brane is at either pole of M 2 , it preserves some additional global symmetry. We observe that it is only for BBBW solutions with rational central charges that the M5-brane can sit at a generic point of M 2 . This leads to an interesting phenomenon, in which a single M5-brane at a generic point breaks into multiple M5-branes at the poles. This is similar to the behavior of "fractional branes" in orbifold singularities [7, 8] .
The presence of an extra M5-brane allows for some new configurations of BPS M2-branes ending on it along the time direction and S 1 R . In the internal geometry, these M2-branes have the topology of a disc since they extend away from the M5-brane towards a point where S 1 R shrinks. There are two such points, and so there is a pair of M2-branes for each M5-brane.
In section 4, we compare our results to the MN solutions. For the N = 1 solutions (p = q), the M5-brane preserves an enhanced U (1) R × U (1) F everywhere on M 2 , so there is no special point and the moduli space is a sphere. In the dual SCFTs, this S 2 moduli space has been pointed out in [9] . For the N = 2 solutions (q = 0), the M5-brane preserves SU (2) R × U (1) R at one pole and U (1) R × U (1) F at the other. However, at any other point on M 2 , only the U (1) R-symmetry is preserved. This novelty prevails in all rational BBBW solutions.
While the BBBW solutions are valid for all p and q, the corresponding quiver field theories have only been constructed for the case p, q ≥ 0 (reviewed in section 5). There are two types of simple punctures that can be added to these quivers, and each type introduces pairs of BPS operators [10] [11] [12] . We claim that this corresponds to the two probe M5-branes at the poles of M 2 , and provide a check by showing that the volumes of the pairs of M2-branes ending on them exactly match the conformal dimensions of the pairs of BPS operators.
On the other hand, the generic probe M5-branes, which only preserve the U (1) Rsymmetry, are harder to identify in field theory.
AdS 5 solutions of M-theory
We start by reviewing the BBBW N = 1 AdS 5 solutions that arise from N M5-branes wrapping a Riemann surface [2, 13] . These solutions give an interesting class of explicit examples within the general characterization of supersymmetric AdS 5 solutions obtained in [14] . We also determine the condition under which a BBBW solution leads to a rational central charge.
General structure
The most general solutions of the form AdS 5 × M 6 with N = 1 supersymmetry were analyzed in [14] (we adopt their conventions). The 11d metric is of the form
Accordingly, the 11d gamma matrices decompose as
with a = 0, 1, 2, 3, 4 , 2) and the 11d Majorana spinor as
Locally, the 6d metric splits into a 4d space M 4 and two directions specified by some one-forms K 1 and K 2 :
More explicitly, the one-forms are given by 5) where the function sin ζ = 2e −3λ y (2.6) and the one-form ρ on M 4 are independent of ψ. An important result of [14] is that the spinor bilinearK
satisfies ∇ (mK 2 n) = 0, and thus defines a Killing vector field ∂/∂ψ. For the solutions on which we will focus, the coordinate ψ parametrizes a circle, which corresponds to the U (1) R-symmetry of the dual SCFTs.
Solutions from M5-branes on Riemann surfaces
A general class of N = 1 SCFTs arising from M5-branes on a Riemann surface together with the dual AdS 5 solutions were found by Bah, Beem, Bobev, and Wecht (BBBW) in [2, 13] . Here we briefly review these geometries and postpone the review of the dual SCFTs to section 5.
These solutions are labelled by the curvature κ ∈ {−1, 0, 1} of Σ g (hyperbolic surface, torus, sphere), its genus g, and the "twist parameter" z. For κ = ±1, 2 we can write 8) where, as we mention in the introduction, p and q are the degrees of the pair of line bundles L p ⊕ L q over Σ g and satisfy the Calabi-Yau condition
For the sphere, the range of z should be restricted to |z| > 1. The metric of the N = 1 BBBW solutions [2] is of the form AdS 5 × M 6 as in (2.1), and M 6 consists of a 4-manifold M 4 together with the two directions K 1 and K 2 as in (2.4). The metric on M 4 splits into a Riemann surface Σ g with coordinates {x 1 , x 2 }, an interval with coordinate w, 3 and a circle with coordinate χ fibered over Σ g : 10) with the one-forms P 1 and P 2 defined as
The function A satisfies the Liouville equation (∂ 2 x 1 + ∂ 2 x 2 )A = −κe 2A , and can be written as
The remaining functions are given by We see that in order for the metric to be well-defined, the interval coordinates must take value between the zeroes of k(w) and cos ζ, that is w ∈ [w − , w + ] and y ∈ [−y 0 , y 0 ] with
(2.14)
The constants appearing in the metric can be expressed as
Note that w ± ≥ 0 and w + + w − = 36w + w − . We take w + ≥ w − , which requires κz ≥ 0. The one-forms determining the fibrations of the ψ and χ directions are given by
The presence of dχ in the connection ρ implies that the coordinates ψ and χ mix in the fibration defined by K 2 in (2.5). We can make the following change of variables to angle coordinates φ ± which fiber independently over Σ g : 4
The part of the metric describing the fibers then diagonalizes:
We see that the circles S 1 ± with coordinates φ ± shrink at w = w ∓ , respectively. However, the metric is smooth if we take the periods of φ ± to be 2π. In addition, both circles shrink at cos ζ = 0, that is at y = ±y 0 . In contrast, the Killing vector fields
have the norms 20) which only vanish for cos ζ = 0. Note finally from the expression for P 1 in (2.11) that the k-interval shrinks at the two endpoints ±y 0 of the y-interval. The {y, w}-region thus has the shape of an eye, as we sketched in figure 1 . In fact, topologically, the coordinates {φ + , φ − , w} describe a compact 3-manifold M 3 , which shrinks at the end of the y-interval, thus forming a 4-sphere (see figure 2 ).
Rational central charges
We now pause to analyze the condition for the internal volume of a BBBW solution, or equivalently the central charge of the dual SCFT, to be rational. Indeed, it will be important in the next section that the superconformal R-symmetry is U (1) rather than R. This is similar in spirit to the condition for the Y p,q solutions of IIB supergravity to have rational volumes [15] . The central charges for these SCFTs were computed exactly in [2] and are given in the large N limit by
This expression is rational when the parameter z defined in (2.8) satisfies the condition
The general solution can be written as
In terms of the Chern numbers p and q that satisfy (2.9), this rationality condition becomes (3n
So for each pair of integers (p − q, g) for which there exists a solution to this condition, there is an SCFT with rational central charge.
We will not classify all such integer pairs but one strategy to solve (2.24) is to first solve the Pell equation
for n 0 ∈ Z. Then for each such solution (n 1 , n 2 ), we have a rational SCFT as long as
is an integer. This indicates that rational SCFTs are abundant. Indeed, the Pell equation (2.25) with n 0 = 1 is known to have infinitely many integer solutions and for each such solution p−q is an integer. 5 There is thus an infinite family of rational SCFTs for any g = 1.
Another family of solutions can be obtained from solutions to (2.25) with n 0 = ±(g − 1).
Supersymmetric probe M5-branes
We now classify all the embeddings for a probe M5-brane that wraps AdS 5 and preserves the supersymmetries in the N = 1 BBBW backgrounds. Such embeddings saturate a BPS bound written in terms of a κ-symmetry projector. The M5-brane is calibrated by the Killing one-formK 2 , and wraps the S 1 R corresponding to the U (1) R-symmetry of the dual SCFT. We discover that there is a two-dimensional moduli space M 2 , at the poles of which the M5-brane preserves an additional U (1) flavor symmetry. The M5-brane turns into multiple M5-branes when it reaches the poles, in a way reminiscent of fractional branes at orbifold fixed points. We also study BPS M2-branes ending on the M5-brane and compute the conformal dimensions of the dual operators (which we will construct in section 5).
BPS condition
The requirement of κ-symmetry leads to a BPS bound on a supersymmetric probe M5-brane [16] . A configuration that preserves some supersymmetry satisfies P − = 0, where is a Majorana spinor of 11d supergravity satisfying the Killing spinor equation, and P − is a κ-symmetry projector. Explicitly, we have
where L M5 = √ g M5 is the Dirac-Born-Infeld Lagrangian on the M5-brane (g M5 is the determinant of the induced metric), and the subscript | M5 denotes the pullback to the worldvolume of the M5-brane. We can thus write the following BPS bound:
which is saturated if and only if the probe M5-brane is supersymmetric. We can rewrite this bound as
where vol 5 is the volume form on the spatial part of the worldvolume of the M5-brane, and the five-form ν 5 is defined as the bilinear
There is a similar BPS condition for a supersymmetric probe M2-brane:
Probe M5-Branes
We now find the possible embeddings for a probe M5-brane in the BBBW geometries that preserve the superconformal symmetries of the dual SCFTs. First, the M5-brane has to extend along all of AdS 5 in order to preserve its SO(2, 4) isometry group, dual to the fourdimensional conformal group. This also means that there cannot be any three-form flux H on the worldvolume of the M5-brane, since it would have to extend along some directions in AdS 5 , thus breaking SO(2, 4). What remains to be determined is the internal one-cycle that the M5-brane can wrap without breaking the U (1) R-symmetry. Taking {σ 1 , σ 2 , σ 3 , σ 4 } to be spatial coordinates in AdS 5 , and τ = σ 5 to be the properlength parameter along the one-cycle in M 6 , we find that the five-form on the RHS of the BPS condition (3.3) becomes
We see that the probe M5-brane is calibrated by the Killing one-formK 2 defined in (2.7).
On the other hand, we have † = 2e λ ψ AdS 5 2 from (2.3), and the DBI Lagrangian splits
The BPS bound is then saturated when
The component g τ τ of the induced metric can be obtained from the metric on M 6 given in (2.4) and takes the schematic form
Recalling that K 2 = cos ζK 2 , we can rewrite the BPS condition (3.7) as
Each term must vanish separately, which gives the following BPS conditions:
The only way to satisfy these conditions without making the induced metric (3.8) vanish is to set
Recalling the definition (2.6), we conclude that this requires that the M5-brane sits right in the middle of the y-interval:
The second condition in (3.10) is then automatically satisfied, since K 1 is proportional to dy. Given the form of the BBBW metric (2.10), the remaining BPS condition ds 4 | dτ = 0 can be expressed more explicitly as
The first condition implies that {x 1 , x 2 } are independent of τ , and so the M5-brane intersects the Riemann surface at a constant point. Adding an M5-brane can thus be thought of as creating a simple puncture on the Riemann surface. In turn, from the expression for P 1 in (2.11), we see that the second condition implies that the M5-brane must sit at a constant point w 0 on the w-interval. We now analyze several ways to satisfy the last condition for P 2 , which differ by the position of the M5-brane on the w-interval. If the M5-brane sits at one of the endpoints w + or w − we call it M5 + or M5 − , while if it sits at a generic point w 0 we call it M5 0 . M5 ± : We see from (2.11) that P 2 vanishes where k(w) = 0, that is at the endpoints w ± of the w-interval. Recall that at w ± the circle S 1 ∓ shrinks. So the M5-brane wraps the circle S 1 ± , which corresponds to the U (1) R-symmetry of the dual SCFT. The isometry of the shrunken circle S 1 ∓ is also preserved by these configurations, and corresponds to a U (1) flavor symmetry. We summarize the two embeddings for M5-branes at w ± as
M5 0 : At a generic point w 0 different from the endpoints w ± , the BPS condition P 2 | dτ = 0 imposes that χ is independent of τ : χ = χ 0 with χ 0 constant. Via the change of variables (2.17) this gives
This describes a curve on the torus S 1 + × S 1 − , or equivalently a straight line in the {φ ± }-plane with slope w + /w − . If the slope is irrational, the curve covers the torus densely and never closes, and is thus not an appropriate cycle for the M5-brane to wrap. We impose that the slope is rational, which gives the condition
where we have introduced a pair of positive coprime integers m + and m − . This condition is equivalent to the condition for rational central charges analyzed in section 2.3, and m ± can be expressed in terms of the integers n 1 and n 2 introduced in (2.23): 7
Note that for κ = −1, we have the bound 1 ≤ w + /w − ≤ 2 + √ 3, which implies that the angle of inclination of the curve in the {φ ± }-plane obeys the bound π/4 ≤ γ ≤ 5π/12; for κ = 1 we have instead w + /w − ≥ 2 + √ 3. We parametrize the curve as
where φ 0 ± are constants indicating the initial point of the curve. This closed curve with slope m + /m − wrapped by the M5-brane corresponds to the U (1) R-symmetry (∂ τ is proportional to the Killing vector field ∂ ψ (2.19)), so we denote it by S 1 R (m + /m − ). On the other hand, the M5-brane breaks the second U (1) symmetry. A probe M5-brane M5 0 thus has the following two-parameter family of supersymmetric embeddings:
We will study the moduli space parametrized by {w 0 , χ 0 } in more detail below.
In summary, we have found two types of supersymmetric probe M5-branes in the BBBW geometries: M5 ± sit at the endpoints w ± and preserve U (1) R × U (1) F , while M5 0 can sit at any point w 0 on the w-interval and only preserves U (1) R .
Let's consider what happens when we take an M5 0 wrapping S 1 R (m + /m − ) at a generic point w 0 and move it towards one of the endpoints w ± . Since the circle S 1 ∓ shrinks at w ± , we end up with an M5-brane wrapping m ± times the circle S 1 ± , or equivalently with a number m ± of coincident M5-branes M5 ± . Reversely, we need a number m ± of M5-branes M5 ± at w ± in order to move them off along the w-interval, which turns them into a single M5 0 . This is the characteristic feature of fractional branes on orbifolds [7, 8] . Moduli space: We can understand this phenomenon better by studying the moduli space of a probe M5-brane. Since the M5-brane is calibrated by K 2 and sits at the point y = 0, its moduli space is a four-dimensional space 8 M 4 , whose metric can be found by evaluating ds 2 (M 4 ) in (2.10) at y = 0. The space M 4 consists of the Riemann surface Σ g and a two-dimensional space M 2 fibered over it:
While the full six-dimensional space M 6 in (2.4) is smooth, for generic parameters (p, q) the fiber M 2 itself is not smooth. We obtain the metric on M 2 by setting y = 0 and V = 0 in (P 1 ) 2 + (P 2 ) 2 :
where we defined
Much like a two-sphere, M 2 consists of an interval w and an angle χ that shrinks at the endpoints w ± , but it can have conical singularities there. 9 Expanding the metric at w ± , we find
Requiring that the ranks of the conical singularities are integers determines the period of χ to be
22)
8 Only when the Killing vector field ∂ ψ , dual to K 2 , has a closed orbit does it make sense to talk about the base space M4, and this is equivalent to the central charge of the dual SCFT being rational. This is an identical phenomenon to the well-known analysis on Sasaki-Einstein manifolds, see [15] for a discussion. 9 The three-dimensional space given by {K 2 , P 1 , P 2 } (at fixed y) appears to be a Seifert fiber space.
where we used that w + + w − = 36w + w − . By matching the volumes of M 6 computed with φ ± and with {ψ, χ}, we then assign the following periodicity to ψ:
In conclusion, we find conical singularities of the form R 2 /Z m ± at the endpoints w ± . This is consistent with the fractional behavior of the probe M5-brane M5 0 , which turns into a number m ± of M5-branes M5 ± at w ± .
M2-branes ending on M5-branes
The presence of an extra M5-brane allows for new configurations of probe M2-branes ending on it. We consider a probe M2-brane which moves along a geodesic in AdS 5 and wraps an internal surface whose boundary is the circle wrapped by the M5-brane. This corresponds to chiral BPS operators in the dual SCFT, as we will illustrate in section 5. The calibration two-form appearing in the BPS condition (3.5) is given by (see [17] )
where 25) and J is the (1, 1)-form of the local SU (2)-structure on M 4 . The AdS 5 part of the BPS condition reads
which implies that the M2-brane is at the center of AdS 5 (see [17] for more details). The internal part of the BPS condition is
where g M2 is the determinant of the metric on the spatial worldvolume of the M2-brane induced from ds 2 (M 6 ). The (1, 1)-form J is given in [2] as
The first term means that the M2-brane can wrap the Riemann surface Σ g , as was analyzed in [2] . Here, we are interested in an M2-brane that ends on the circle S 1 R wrapped by the probe M5-brane and extends away from it towards a point where its worldvolume closes (it thus has the topology of a cup or a disc). The embedding of the probe M2-brane is then
We parametrize the circle S 1 R by τ as before, and the interval in the {y, w}-region by a second worldvolume coordinate σ:
{y, w} = {y, w}(σ) . Recalling that S 1 R is determined by the condition P 2 | dτ = 0, we find that the BPS condition (3.27) for the M2-brane simply reads
This implies that an M2-brane ending on M5 + or M5 − extends from y = 0 to either extremity y = ±y 0 , along the contour of the eye-shaped {y, w}-region (see figure 4) . We denote the pair of M2-branes for each M5-brane by {M2 ± , M2 ± }. Similarly, an M2-brane ending on M5 0 extends along the curve
which also has two branches ending at either y = ±y 0 . Here C ≥ 0 an integration constant, which can be adjusted so that the curve meets the axis y = 0 at the point w = w 0 where the M5-brane is. We denote such a pair of M2-branes by {M2 0 , M2 0 }.
Conformal dimensions:
The volume of the submanifold M 2 ⊂ M 6 wrapped by a supersymmetric probe M2-brane (dressed by suitable powers of the warp factor) corresponds to the conformal dimension of the dual BPS operator [17] :
where vol M 6 (M 2 ) is the volume form of M 2 induced from ds 2 (M 6 ). Note that we have reintroduced the overall length scale L 2 in front of the metric (2.1), which was so far set to 1. The quantization condition for the four-form flux G 4 relates L to the number N of original M5-branes wrapping the Riemann surface Σ g :
In the case at hand of an M2-brane wrapping a cup M 2 that ends on an M5-brane, this becomes
For a pair of M2-brane {M2 ± , M2 ± } ending on an M5-brane M5 ± at w = w ± we find
while for a pair {M2 0 , M2 0 } ending on an M5-brane M5 0 at w = w 0 we find
We see that the conformal dimensions do not depend on the position {w 0 , χ 0 } of the M5-brane on its moduli space. Observe however that using the relation (3.15) between w ± and m ± we get
We interpret this as meaning that a single probe M2-brane ending on a single M5 0 at a generic position w 0 becomes m ± M2-branes ending on m ± M5-branes of type M5 ± when w 0 → w ± .
Examples: Maldacena-Núñez solutions
In this section we discuss the N = 1 and N = 2 Maldacena-Núñez solutions (MN1 and MN2) [1] , which can be obtained as special cases of the BBBW solutions with enhanced global symmetry SU (2) × U (1). For MN1 the SU (2) is a flavor symmetry, and for MN2 it is an R-symmetry.
N = 1 MN solution
The MN1 solution is an important example since the dual SCFT has the lowest central charge amongst the BBBW theories. It is obtained by setting z = 0 and κ = −1, which gives
Since the endpoints w ± of the w-interval are equal, it would naively appear that the metric is singular, but this is actually a coordinate artifact. We can reproduce the MN1 metric in the form given in section 5.4 of [14] (the angles there have been given tildes here) by first performing the following coordinate transformation: as well as e 6λ = 6w + w − (3 + cos 2α ). The angles have the following ranges
We can see that {θ,ν} describe an S 2 , which combines with ψ into a round S 3 , which itself combines withα to give a squashed S 4 . The background thus has the symmetry U (1) R × SU (2) F , where the R-symmetry corresponds to the Killing vector field ∂ ψ . In order to preserve this U (1) R , a probe M5-brane must wrap S 1 ψ . It then sits at a constant position in the remaining directions. The BPS condition y = 0 fixesα = π/2, but leaves the position {θ 0 ,ν 0 } on the S 2 arbitrary. Note that since the S 2 has a round metric this preserves U (1) F . The worldvolume of the probe M5-branes is thus given by M5:
We see that there is no special point on the S 2 , which is in agreement with the fact that for w + = w − the M5-branes M5 ± and M5 0 are indistinguishable. The multiplicity of the M5-brane is also everywhere the same since the winding numbers are m ± = 1. A probe M2-brane ending on the S 1 ψ wrapped by the M5-brane extends fromα = π/2 to either pointα = {0, π} where the S 1 ψ shrinks. The area of the cups wrapped by such a pair of M2-branes corresponding to the conformal dimensions of dual BPS operators is
N = 2 MN solution
The MN2 solutions are obtained by setting z = −1 (that is p = 0) and κ = −1, which gives
To obtain the MN2 metric in a form that makes the SU (2) × U (1) R-symmetry manifest, we make the coordinate transformation 11
8)
10 Herexi are the coordinates of the Poincaré half-plane model of hyperbolic geometry, as opposed to xi used in the rest of the paper, which are coordinates on the unit disk. 11 The angles with tildes are those that appear in the MN2 metric as given in (2.7) of [6] . 9) and the warp factor is given by 24e 6λ = 1 + cos 2θ . The R-symmetry corresponds to the isometries of the S 2 parametrized by {ψ,φ} and of the S 1 parametrized byχ. The BPS condition y = 0 for a probe M5-brane leads toψ = π/2 and leavesθ 0 as a modulus. The M5-brane wraps a closed curve on the torus S 1 + × S 1 − of slope m + /m − = w + /w − = 2:
At a generic point {θ 0 , χ 0 } on the moduli space, the M5-brane only preserves the U (1) Rsymmetry. When it sits at the extremities ofθ it preserves some enhanced global symmetry. At the extremityθ 0 = π/2, that is at w − , the S 2 parametrized by {ψ,φ} shrinks. This means that M5 − wraps S 1 χ and preserves the full SU (2) R × U (1) R . This is the probe M5-brane studied in the N = 2 setting [6] . On the other hand, atθ = 0, that is at w + , the circle S 1 χ shrinks and
Now recall that a single M5 0 wrapped on the closed curve around the torus
with the winding numbers m + = 2 and m − = 1 becomes a number m ± of coincident M5 ± wrapped on S 1 ± at the endpoints w ± . In reverse, we can say that a single M5 − can move away from w − and explore its moduli space, where it breaks the supersymmetry to N = 1. However, an M5 + alone is stuck at w + ; it needs to pair-bond in order to take off and explore the moduli space, where it fuses into a unique M5-brane.
A probe M2-brane ending on an M5-brane sitting atθ 0 extends along the curve
We show a few examples in figure 5 . The conformal dimensions of the dual BPS operators is given by (3.35) and (3.36):
Note that these dimensions are consistent with the fact that it takes two M2 + to make a single M2 0 or M2 − . The conformal dimension of M2 − agrees with the result in [6] .
Generalized quiver gauge theories and punctures
In the previous section we have studied probe M5-branes in AdS 5 solutions of M-theory corresponding to the near horizon of N M5-branes wrapping a Riemann surface Σ g . We have found various supersymmetric embeddings such that the probe M5-brane extends along all of AdS 5 and sits at a point of Σ g . In this section we interpret this extra M5-brane in terms of the dual SCFTs. These gauge theories can be constructed from generalized quivers with the same topology as the Riemann surface Σ g . The extra M5-brane can thus be viewed as a puncture (or a node) on the generalized quiver. We first review this construction for N = 2 SCFTs, and then describe the N = 1 generalized quivers dual to the BBBW solutions on which we focused. We stress that whereas the gravity solutions allow all values of p and q, only the field theories with p, q ≥ 0 have been constructed.
The reader familiar with generalized quivers can safely skip subsections 5.1 and 5.2, and go directly to subsection 5.3, where we match the volumes of the M2-branes studied above to the conformal dimensions of BPS operators associated to a simple puncture in N = 1 generalized quivers.
Review of N = 2 generalized quivers
The N = 2 SCFTs arising from the low-energy limit of N M5-branes that are wrapping a Riemann surface with punctures can be described in terms of generalized quivers [5] . The building blocks for these theories are isolated N = 2 SCFTs that described the low-energy dynamics of N M5-branes wrapping a thrice-punctured sphere (trinion). Each puncture is associated with a global symmetry that is a subgroup of SU (N ).
A maximal puncture has an SU (N ) global symmetry. Locally, it can be understood as the branching of N M5-branes wrapping a circle that shrinks at infinity. The origin of the SU (N ) global symmetry becomes clear by thinking about this configuration as a stack of N semi-infinite D4-branes in type IIA string theory. The T N theory is the isolated N = 2 SCFT that arises from N M5-branes on a sphere with three maximal punctures (see figure 6 , left). For each maximal puncture there is a Higgs branch operator µ α that transforms in the adjoint of the associated SU (N ) and has conformal dimension 2. These operators satisfy the chiral ring relation µ 2 1 = µ 2 2 = µ 2 3 , where the square implies Punctures associated with smaller subgroups of SU (N ) can be obtained by higgsing maximal punctures. A simple puncture has a U (1) global symmetry. It corresponds to the branching of a single M5-brane, which reduces to an NS5-brane in type IIA string theory. Wrapping N M5-branes on a sphere with two maximal and one simple punctures gives rise to an hypermultiplet H in the bifundamental of SU (N )×SU (N ), which comes with a U (1) baryonic flavor symmetry (see figure 6 , right). In N = 1 language, this hypermultiplet can be described as a pair of chiral multiplets in conjugate representations, H = (Q, Q), which forms an SU (2) R doublet (Q, Q † ); these chiral fields are neutral under U (1) R , carry charges (1/2, 1/2) under the Cartan of SU (2) R , and (1, −1) under the U (1) flavor symmetry. The two adjoint operators associated to the maximal punctures are µ 1 = (Q Q) and µ 2 = ( QQ) (one contracts the indices of the second SU (N ) for µ 1 , and the indices of the first SU (N ) for µ 2 ). The chiral ring relation µ 2 1 = µ 2 2 is automatic. N = 2 generalized quivers are built from trinions by gluing punctures pairwise. This corresponds to gauging pairs of global symmetries and identifying them. The reduction of the worldvolume theory of the N M5-branes on a cylinder joining two maximal punctures yields an N = 2 vector multiplet A in four dimensions. In N = 1 language, this gives an N = 1 vector multiplet A and a chiral superfield φ in the adjoint of the SU (N ) gauge group, A = (A, φ). The chiral adjoint has charge 2 under U (1) R symmetry and is neutral under SU (2) R . N = 2 supersymmetry requires a superpotential term W = φµ for each gauged puncture, with fixed coupling.
The generalized quiver corresponding to N M5-branes wrapping a genus g Riemann surface Σ g without punctures is obtained by fully gluing together 2(g − 1) T N theories with 3(g − 1) N = 2 vector multiplets [5] (see the example in figure 7, left) . The gravity duals are the MN2 solutions that we have discussed in section 4. In contrast, when some of the punctures (which can be higgsed) are not glued, the resulting field theory has additional flavor symmetries. The gravity duals of such theories were described in [6] in terms of a general class of N = 2 solutions (LLM) [3] . However, the addition of a single extra M5-brane, that is a simple puncture, to a Riemann surface without punctures can be analyzed in the probe approximation within the MN2 solutions. In the dual field theory, this corresponds to the insertion of a sphere with two maximal and one simple punctures (a hypermultiplet and a U (1) flavor symmetry) into a generalized quiver (see figure 7) . 
Review of N = 1 generalized quivers
The N = 1 SCFTs dual to the BBBW solutions (with p, q ≥ 0) are constructed in a similar way to the N = 2 generalized quivers. The novelty is that maximal punctures can be glued with N = 1 vector multiplets as well as of N = 2 vector multiplets [2, 18] . 12 Since the BBBW geometries have an U (1) R × U (1) F isometry, the gluing must be such that the resulting SCFT preserves two U (1) global symmetries. The N = 1 SCFTs dual to the MN1 solutions can be obtained by mass deformation of the N = 2 SCFTs dual to the MN2 solutions [9] .
We first describe how to glue two trinions by a pair of maximal punctures. Since we are constructing N = 1 theories, we think about the N = 2 theory of a trinion from an N = 1 point of view. We denote the generator of the Cartan of SU (2) R by I 3 , and the generator of U (1) R by R N =2 . Each trinion theory can then be viewed as a N = 1 theory with an R-symmetry generated by R 0 and a U (1) flavor symmetry generated by F :
The N = 1 superconformal R-symmetry is generated by
When two trinions with flavor symmetries J 1 and J 2 are glued by a pair of maximal punctures with N = 1 and N = 2 vector multiplets, there are constraints from chiral anomalies. The contribution of a trinion theory to the anomaly is the same as that of N fundamental hypermultiplets [5] , which gives −N/2 for R 0 and −N/2 for J. Observe that the gluing always preserves R 0 since the anomaly contributions from the trinions are cancelled by the gaugino contribution in the vector multiplet. On the other hand J 1 and J 2 are both anomalous, but J 1 − J 2 is preserved. The gluing is completed by adding the superpotential term W = µ 1 µ 2 . When we glue trinions with N = 2 vector multiplets A = (A, φ), we also need to consider the anomaly contributions of chiral adjoint φ, which comes with a U (1) flavor symmetry F . This N = 2 gluing preserves an additional U (1) symmetry generated by J 1 + J 2 + F . However, J 1 − J 2 is broken by the N = 2 superpotential term W = φ(µ 1 + µ 2 ), which is necessary in order for the N = 2 vector multiplet not to decouple in the IR [2, 12] . N = 1 generalized quivers can be obtained by gluing trinions with a judicious combination of N = 1 and N = 2 vector multiplets on maximal punctures, in such a way that they preserve an R-symmetry R 0 and a flavor symmetry F. The flavor symmetry acts on a trinion either as J or as −J. This can be achieved by attributing a sign σ i = ±1 to each trinion, and gluing pairs of trinions with the identical or opposite signs by N = 2 or N = 1 vector multiplets, respectively. The flavor U (1) is written as
where F iaj b is the flavor U (1) for the chiral adjoint in the vector multiplet connecting the ath maximal puncture in the ith trinion with the bth maximal puncture in the jth trinion. The first sum is over the trinions while the second is over the vector multiplets. The N = 1 superconformal R-symmetry of the field theory can be written as
where the parameter can be determined by a-maximization (see [2, 12, 18] for more detail). The N = 1 SCFTs dual to the BBBW solutions with a Riemann surface Σ g are obtained by gluing all the maximal punctures of a number 2(g − 1) of T figure 8) . We see that this construction only makes sense for p, q ≥ 0. Note that when p = 0 or q = 0, we get an N = 2 theory as in the previous subsection. The theories with p = q = g − 1 are dual to the MN1 solutions.
After a-maximization, the parameter and the central charge of the theories depend only on N , p and q. In the large N limit, this gives Since −1 ≤ z ≤ 1 from p, q ≥ 0, 13 this parameter satisfies the following bound (also valid for finite N ):
This bound guarantees that the conformal dimensions of gauge-invariant chiral operators do not violate the unitarity bound [2] . The lower bound is saturated by the N = 2 theory with only black T N theories (q = 0 and z = 1) and the upper bound is saturated by the N = 2 theory with only white T N theories (p = 0 and z = −1).
In the BBBW theories, R 0 and F are expressed in terms of two generators R ± that are dual to phase rotations ∂/∂φ ± on the fibers of the line bundles L p and L q :
The superconformal R-symmetry (5.4) then takes the form
Punctures and BPS operators
We just reviewed how the N = 1 BBBW field theories can be constructed by fully gluing T N theories of two types, p of the type T + N and q of the type T − N . This give rise to an N = 2 vector multiplet for each pair of glued theories with identical signs, and to an N = 1 vector multiplet for each pair with opposite signs.
Simple punctures can be created by inserting a hypermultiplet coming from a sphere with two maximal SU (N ) punctures and one U (1) puncture [12, 18] . There are also two types of hypermultiplets, denoted by H ± = (Q ± , Q ± ). We show two examples in figure 9 . It was observed in [18] that at large N the a-maximization is dominated by the T N theories when the number of hypermultiplets is much smaller than N . This is due to the fact that the T N theories contribute as N 3 to the central charge, while the hypermultiplets contribute as N 2 , which is also true for BBBW theories with simple punctures. We conclude that at large N , adding a small number of simple punctures to a BBBW quiver doesn't change the value of the parameter (5.9). This is the field theory analogue of studying extra M5-branes in the probe approximation, as we did in previous sections. In terms of the parameters w ± (2.15) appearing in the BBBW solutions, the parameter in (5.5) takes the form:
Notice that the superconformal R-symmetry (5.8) then takes the form 10) which matches nicely the expression (2.19) for the dual Killing vector field ∂ ψ . The chiral fields in hypermultiplets H ± = (Q ± , Q ± ) have charges (R 0 , F) = (1/2, ∓1/2). Using (5.7) and (5.8), we then find the R-charges
The conformal dimensions of gauge-invariant chiral operators are related to their R-charges via ∆ = 3R/2. We can construct gauge-invariant chiral operators by taking the determinants of Q ± and Q ± , which simply multiplies the conformal dimensions by a factor of N :
This agrees exactly with the volumes (3.35) of the cups wrapped by the probe M2-branes ending on the M5-branes located at w ± . We thus conclude that the two types of M2-branes M2 ± and M2 ± (extending towards y 0 or −y 0 ) are dual to the two BPS operators det Q ± and det Q ± . This provides evidence that the simple punctures H ± in the quivers correspond to the probe M5-branes M5 ± in the AdS 5 solutions. Note also that the U (1) flavor symmetry of H ± corresponds to the U (1) gauge field in AdS 5 that arises from the Kaluza-Klein reduction on S 1 ± of the self-dual two-form potential on the worldvolume of M5 ± [6] .
The N = 1 generalized quiver theories discussed here always have a U (1) F symmetry and so cannot describe punctures corresponding to probe M5-branes M5 0 at w 0 = w ± . This hints at a larger class of punctures that only preserve the U (1) R-symmetry (also recently pointed out in [11] ). The field theory interpretation of the probe M2-branes ending on the M5-branes located at w 0 = w ± is therefore unclear to us.
N = 1 punctures and MN theories
The punctures associated to M5 ± locally preserve N = 2 supersymmetry and have been studied in field theory by [10] [11] [12] . By contrast, the puncture associated to M5 0 only preserve N = 1 supersymmetry and have no known counterparts in field theory. In this subsection, we briefly discuss what becomes of them in the field theories dual to the N = 1 and N = 2 MN solutions.
First, recall that M5 0 probes, and hence the associated punctures, only exist for BBBW theories where (5.9) is rational. Note that this is the same condition as the one for a rational central charge discussed in subsection 2.3. This is of course satisfied by all the MN theories, for which = 0 (MN1) or = ±1/3 (MN2). Between these two cases, there are infinitely many rational BBBW theories, but the field theory requirement p, q ≥ 0 makes them rather sparse. Up to genus 25 there are only 8 rational SCFTs, the lowest one being at g = 12 with (p, q) = (15, 7). We can write an infinity family in terms of the integers n 1 and n 2 appearing in (2.23) and a positive integer n > 0: 13) with the condition n 1 > n 2 ≥ 1. We now turn to the MN solutions.
For the MN1 solutions, we saw in subsection 4.1 that M5 ± and M5 0 are all identical, so that the position on the S 2 moduli space does not matter. In the dual field theory, this corresponds to the fact that the R-charges (5.11) of H + and H − agree, given that = 0. Moreover, given that all the chiral fields have R-charges (5.11) equal to 1/2, we can construct the following two gauge-invariant marginal operators:
It was shown in [9] that each simple puncture provides two complex parameters, one for the position of the M5-brane on the Riemann surface Σ g , and the other for the CP 1 -worth of directions in the fiber over Σ g . So we could naturally interpret the marginal operators O However, in this case, the corresponding M5-brane is fractional and cannot move away from the pole unless it pairs up with a second M5-brane. Vexingly, it is the M5-brane at the other pole that can move alone on the S 2 moduli space. So we do not find a direct interpretation of this marginal operator. A more complete analysis of the marginal operators as in [9] might resolve this issue. The field theories dual to the MN solutions are the only ones for which one of the winding numbers m ± is equal to 1, or in other words for which a single M5-brane can move away from a pole of the S 2 moduli space. To see this, we note that the bound (5.6) on implies the following bound:
We see that if either one of m ± is 1, then the other one can only be 1 (MN1) or 2 (MN2). That being said, recall that in the gravity side there is no reason to restrict to p, q ≥ 0 (that is −1 ≤ z ≤ 1). There is still a bound on m + /m − in (3.15), which is only slightly larger (for κ = −1): We could then imagine constructing an octic marginal operator from M2 + in the putative dual SCFT. Just like for the MN2 solutions, we see that this operator is associated with M5 + at w + with winding number m + = 3. It would be interesting to understand this special theory in more detail.
Outlook
We have studied supersymmetric probe M5-branes in the AdS 5 backgrounds of BBBW [2] , and interpreted them as simple punctures in the dual N = 1 SCFTs. This generalizes the probe analysis in [6] of the N = 2 field theory punctures [5] in terms of the N = 2 MN and LLM solutions [1, 3] . For BBBW solutions with rational central charge, the M5-branes have a two-dimensional moduli space M 2 , on which they generically only preserve U (1) R . At the poles of M 2 the global symmetry enhances to U (1) R ×U (1) F or to SU (2) R ×U (1) R . If we take a single M5-brane at a generic point of the moduli space and move it to a pole, we end up with multiple M5-branes. The same phenomenon happens to fractional branes at orbifold singularities [7] [8]. We saw that there are indeed Z m singularities are the poles of the moduli space.
Incidentally, Z m singularities play a key role for the construction of general punctures in the N = 2 setting [6] . In particular, a maximal puncture arises from a parabolic element in the Fuchsian group Γ ⊂ SL(2, R) by which hyperbolic space gets quotiented to produce a Riemann surface with a cusp: Σ g = H 2 /Γ. Because of the N = 2 twist, this operation also induces some rotation in the fiber, so that the singularity is locally C 2 /Z N (see [9] for the case of MN). For the N = 1 BBBW solutions, it is expected that more general orbifold singularities can appear, for example C 3 /Z m × Z n .
In order to understand intermediate punctures, whose flavor symmetry can be any subgroup of SU (N ), we must consider more general N = 1 solutions than the BBBW solutions. For the N = 2 case, the appropriate geometry is provided by the general AdS 5 solutions (LLM) [3] . These solutions are determined in terms of a solution to the threedimensional Toda equation, and the additional M5-branes act as boundary conditions for this equation [6] . It would be interesting to understand the corresponding story for the N = 1 case by studying boundary conditions for the equations of [19] , which describe generalizations of the BBBW solutions with U (1) 2 symmetry. The M5 0 should also be associated with boundary conditions in the system of [14] .
Our work can be compared to the study of BPS probe D-branes in AdS 5 ×X 5 solutions of IIB supergravity [20] [21] [22] [23] (see [24] for recent work in this direction). In particular, D7-branes wrapping a topologically trivial three-cycle in X 5 produce additional nodes on the quiver of the dual SCFT, corresponding to flavor symmetries. Before the backreaction, the D7-branes wrap a holomorphic four-cycle in a conical Calabi-Yau threefold C(X 5 ).
Similarly, from a UV point of view, the probe M5-branes in this paper should wrap holomorphic two-cycles in the Calabi-Yau threefold L p ⊕ L q → Σ g mentioned in the introduction. Note that these cycles must be topologically trivial in order to avoid tadpoles. We conjecture that M5 ± arise from M5-branes wrapping the two-cycles dual to the holomorphic four-cycles L p → Σ g and L q → Σ g . The interpretation of M5 0 appears more challenging.
We observed that the S 1 -fibration over the two-dimensional base M 2 appears to be a Seifert fiber space. This would imply in particular that two M5-branes at different points on the base M 2 wrap circles that can be linked. There might then be some Hanany-Witten effect at play. It would be interesting to investigate the pertinence of this perspective.
The duality group of the N = 2 theories was predicted by Witten in [4] to be the mapping class group of Σ g with marked points. The moduli space of theories with punctures associated to the M5 0 includes a two-dimensional space M 2 fibered over Σ g . The duality group for such theories is surely interesting.
The approach of this paper can also be applied to solutions of M-theory involving AdS 4 × H 3 or AdS 3 × H 4 . Our work in this direction will appear elsewhere [25] .
